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LOCAL GRAVITY FIELD MODELING

INTRODUCTION

Regicnal or locsl greavity field models ar» impartane
for many asplica*ionse. Caflecticns of <*Po vartical snd
gravity anomalies are reajuirad for zliznment znd <corraction
of Nigh 2ccuracy inert:3) navicrtion systams. Caflections
ars rejuirad to reduc2 obsarved bharizontal and vertical
angles to the ellipsoios, far 1r3tance in apalyilng the
Laplace corraction to azimuths., They zcan He us2d *c Convert
Detween astronomic 3Ina j:odetic coorcinatas, Gaoid undula-
ti0N3 are re3juirad to convert hetwaen elevations dasrivao
from satellita oosza2rvetions, for axampl: 3FS, anc k2igkts
abov? sed levei. undulzzions z2ravics 3 direct 1nz2zy cf  the
3eo1d 1in the rejion. ThAus th2 imnertars JLanti®ies to he
derived from & mocal 2re ;ravity cnomalys 7elf:ctiors 2f the
vertical snd g2c10 unNaulationss In addition, o2n2 wculd like
t0 k2 aple to uszy a3 ohservetione in zZorcuting tﬂ@' ncdel,
all availanls Je30atic data 1nclucin;:; asirc-leodatic
daflactions 3f the vartizal, sat2llite s2rivee -30lo L dula-
tionsy observed gravity values ard zonputed anowmalize, 23-
detic and astronomic codrdinstes, and sabiarical  tremonic

jeopotantial coev¥ficiants,

O0f all availaovia te:zhnijuzs, only 12a3%t s3uwar:zs :zollo-
cation allows one to us3: any conhipa*ion 2f ron-hamrcanaous
jJesdatic data and to c:cmoute any of “ha rejuirad guantities,.
In additiony least scurres collcestian “ives 2n oztim=l

(minimum varianc2) wmathcd >f 1ntarpolating ansng the survey




data. ds with any gredicticn method, th2 results of lazst
squares: ccllocation depena on tha variation of tha gravity
fiald in the zrea O0f gredicticn 3and on the dansity and accu-
racy of the availiabls obkservaticns. In rejions of csharply
varying topographys a3 major por*ion of tha variation of the
jravity fioeld is cdue to thic torographye. Since sradiction
rasults zre nearly linzerly related %o the "smoo*hness™ of
the fieldy, significant 1ngrcvemnents can be obtainad from
least sauares collacation in tnese casas by first removing a
sortion of tnis affazt. In *ha 2asty, this has oean accen-
2lished wusing raethar :carse? 2lavation wnodels comnosed of
me3an elevations or alava*tions scalad from <topographic m2os
(forsber; =ano TYscharning, 13212)s (F3rsherj and Madsen,
195C)y (Sunkal, 1352), Tb2 ¢zta spazing c¢f %hasa modals Pas

>ean on th2 order o0t 25 %0 2) arz seccnas.

This reocrt d2scribas 2n 2xDerinent conductad ¢o cecm-
oute a lccal ;ravity f.21d4 model usein; laast scuares ccllo-
cation in conpunctiocn with savaral digital tarrein yodals of
varyinji rasolution and sxtent. The most aczyurate elevation
data was chtainaed photogramm:trically. in adoitiony, 2 ANlo-
23l trena is first ramovaa Dy computing tha sghericel har-
MoNnic 3xnansicn af tne ananzlous potantial from 3 130 degree
and order coefficiant saty modified 5y the h5572 @ilirpsoicdal

sctentiale.
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BACKGROUND

The Uede Army Enginser Topojrachic Laborztorias
(USAETL) has baen involved wsith devaloacing narduzra and
softsare to support the Jefansa Vapsing ds3rcy (CMA) ang
ather ajencies in dansifying and extanding local gravity
networks for many vyears. ~ecently, this work bkas Heen
directad grimarily to develooning inertial surveyinj tachnol-
ogy for determining z;ravity aromalies and de¢lactions of tne

vertical as well as psositions (Todd, 1382).

This work unit was initicted with the onlective of axa3-
1ining othar technoiosgies 3and zomgutationai +wethaods fecr com-
Juting magrituds and diractionm of ¢h: sravity wv:cter &nd
38314 unctulations at 3 larj2 pumder 3¢ roints Ln & local
re31on 1n an efficient uway onc wlt™ sufficient 2ccuracy for
s0me or any of the aaplications discussad abirvae In gartic-
Jlary computational tazhniguas for comiining lerg2 2mourts

>f hPataroganaocus daty rere raeviaued.

The intaroolation c¢f gesdatic cucntites is not 3¢ much
a problem 1n flat areas. Tne zrzvity fielas ir thase aress
are smooth enough to be intarsoleted adezudtaly for most
ourposds bty standard loast-sjuaras methods (Yels<anen S Mcer~-
itzy, 1957). The datermination of local 3Jravity ¢ield
ncdelsy or the detarrination of th2 jaeo01d ir mountainous
3rzas is still vary wyck 2 pgrcolar Powrvar, The szarcity of

Jravity data anc tre c¢reat 1r-e:ularity of th» fi2l1d 1in

A |




thasas arszzs make tradition2) metncds ineffactive. For these
regions, least sguares coliccation following <rend ramoval
9y spharical harmonic e2xpansione 2rd/sr dijital tapr21n
nodels 1s 3 cousrful tecol unmich has haen axsolited in the
Nordic nations (Fersoer; 5 Masden, 193¢y, (Forshary &
Tscharningy 1381a)y (Scrsner; %2 Tscharningjy, 1351h), 25 well
3s in Zurepe (Surtner %L =lmiger, 1353), {Sunkel, 1383), and
tn Canada (Lachaselles 13735). In addition, JMa h2s cecn-
ducted in-housa affortse 1 recort on thesa eofforts (Carl-
50Ny 1383) was chHtainad. This roport servad 23 tha starting

Qoint for tha grasant research,

A raview o2f these erforts 1ncicatad saveral areas in

shicn furtner research caouic D2 focuszad, Thasa 1ncludas

l. Zffact of r:zsolution 3and axteat ¢f Hdizital tarr2in

d2ta on the cccuracy 2t tne eo5lution,

2. afcrocvencnt®s to he ;ainac Dy 4siny a very d2nse [TM

in tne uwmediata vicinity of the computation point.

3. iffact of using only tha tzrrain and isasstatic dzte
for trand ramrovai, ragleztinig tha spherical harmorarc

compcnent.,

4. Etfficient matrods for prozessing the tarrair dsta

incluvding Fas*® “gurier Transforns (FFT).




i

5. Mathods for the inclusion 0of ga00hysical informa-

ticn 1nto the processe.

This reoort zddress:s partially items (1) througn (3
abovae Furthar research #ill Je reiuirac tis more fully
answar these i1354es ana to =daress i*ens (&) and (3) end

others.

The next section hriefly describes the nethod and tne
principlas oehina 1t.e Tris 235 followee by 3 descriotion of
the %est zrea and data used ana by an analysis cf each stap
2f the prccass. The raesults 2re tnen grecsantady follcued Yy

some conclussions and reccmmeandatisnrs,
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DESCRIPTION OF THE TECHNIQUES

A body at rast sn the 2artn’s surface i3 2cted ugon by
tha gravitational ettraction of the earth =nc¢ the cantrifu-
Jal force causad ty the 23rth’s rctation. The effact of the
comnbination of these <wo forces 15 calliec gravi‘ty. The
sotential of gravity w 1s thar “he sum of tha gravitational

sotential V and tha centrifujal sotential @ .

Thus:
1
“=Vv + O
where:
v/ﬁ P av
v = k i
-
ands;
) S z
o = 2 ¥ {(x ¢+ vy )
where:
k = the gravitational corstant,
v = the volume of the aarth,
P = the density of the 22rtn,
1 = the distanca hetwien tha attracting mass

ENU the attraZtad moes,
¢ = the earth’s rotational velncity,
X9y = the carteslan coorginitas of the point

6
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under consideration, in an agrth-centared
coordinate frame.

The gravity potertial can also “e exgressed as the sum
3f a %ngrmal®™ component U, wnich i3 due to 2 homoganesus
ellipsoid of ravolution wshich is an aquisotential surfac‘*of
a "normal® gravity field ano » “disturbing® sotential T,

ahich is due to mass anovwalias witnin the actual earth.

Thus:

W{xoyeZ) = T xoye2) + Ulxoeys2)

in LU 1s ais92 includec the cantrifugal cotantial and the
:ffects of all massas extarnsl to the earth., Extarior to

tha 2arthy, V satlisfiass Lag.ace’s eauaticen:

"W

av

"
(&)

whe e A inaicataes the Laplacian ooeracor:

Tnus 1t is 2 hrarmonic function axternal to ¢tne aarth,
inside the earth, 1t i3 not harmonic necause thers V

satisfies 201%30n°s eguation:

v 2 eew kp
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The normal potential U zan nae computed dJdirectly for

Jiven referance selliosoid. All <that 1s raequired is the

specification of the four quantities:

ay semima jor axis: f, flattaning
1~, equatorial gravity: and w, angular valacitye

For this studys tne WGS572 referance ellipsoid was used,

tha paramotori taken from (CvA, 1974).

Theres remains then the ccomputation of 7T,

ths

in3a®  or “anomalous™ gotantial. From T ue can darive all

tha impgortant juantitias from the e3juations:

Mori1tz, 1957)

o7 2
¢gravity anonwsliy, As 2 e mwm - -
dr r
east-wast 1
caflection comporant; 7 = - em——-
rY zos¢
north-south 1
ceflection comcorant: ¢ = - ---
ry
'
o
geoid undulation; N = ===
Yaq
8

(detskanen

ar

3

QT

dv

"disturb-

of

&

19
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The techniaue uncer investi;ation is to oreak T into
three parts. The first is a "global aartnh mcdel®™ comnonent
du? to an axpinsion of the anomnclous potential i1nto a sgher-
1cal harwonic series. The sesond comgonant is the
tocosrapnic-isoastétic compananty, computed from a ragicnal or
lccal model of the most sell known mass anomailies, the togo-
graphic massas 2nd tneir 1sostatic compensation. & <third
component is computed from a set of observed Gravity
anomaliesy cgaflactions of tha vertical and geoi1c undulations
in the local area of interest. This final componant is the
ane actually comouted ny laast squares collccation. Thus

tha mcdel for the anomalous potsntirdl :1s:

1o
F 4
-
(X
(g}

shere.

Tew = the earth Tocal component,

Tx * the togograsphic-iscostatic comnonent, and

Te = the res:iduel ccmgonant, or deviation from
the modal.

in freguency dcmain tarms, wsa may consider tha "signgl"™
T to be oroken cown 1nte the lons wadvelength comconent cue
to the spharical harnonics, a nedium and shert sévelangth
somponent dAue o tha tcrojrapy and its compensation and 3
residual component due *3 th2 Jeviation of the 2ctual grav-

1ty fiald from the mod2l.

11
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There is however 3 psroblen with this concent in that
the spherical narmonic coefficiants contain soIma short
Javelength information &3 wsell. W3 should therefore remaove
the topographic—31so0static 2ffact on thase coefficiants
nefore combining them with the other comaponents. (ForsYerg
i Tscherning ,1931a) however have shown this affact ta he
nezligible for fixeo area comgutations for coefficiants up
to dejgree and order 36. Marover, the 2ffect of the hijher
dejraze and order coefficiants 4ili be nearly constent

throughout a local ar2a and thus this effoce shauld be com~-

pensatad by collocation.

The next saction ~Ziscusses tha ared studiad ard the
dJata employed. Tha cecmputation of each™ suhcompenent of T is

than explained 1n detzil and tne results are presantaa,.

10




TEST AREA AND DATA

The grincipal tast sr2e liss in tha asastern part of
Nevada and is located betuyean zoproximnate north latitudes
37.5 and 33.5 degrees and &35t 1lanqitudes 114.5 and 115
dejrees. The araea is sncan in figure 1. A3 czn be sa2en in
this figure, the area is na2arly bDisected oy the Try Laske
Valley and is fairly mountainous outside of this valley.
Zlavations range from about 1400 maters in the vallay <to

2000 matars in the mountains.

From within this arasa, 2 set of 1344 j;ravity observa-
tionsy, 23 observed astro-z;aoaetic cdaflections c¢f %the verti-
cal and 5 320id undulrtions sb%ainad at doopler onDservation
s51tes ware chtained fromn 2¥3, 111 o2f tnhe data uyas refer-
nced to wWaS72. Fromn the irrvity ooJsarvaticns, frae-zair
Jravity anomalias were coDtainad from the farmnylal

12

AG 5 * 30364 - J2.Am3

1]
o

where:
9 = Oobserviag gravity at thz 222rth”s surfaca
«3086. 2 free-arr normal 3jravity gradient in mgal/meter
4 = heignt 2f tha station abova tha 3Ja314d
3amma = nermsl sravity =t the corrasponding noint

an tne elligsoid,

A subset of 1352 of the ,ravity anocaeli»s  askich lie

4ithin  tha princigal ‘*est srea wiIra selactsd for initial

11
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analysis. The statistics of this Jata are givan in taols 1.

valua haszh low ma2an H n
A3 €3.0 -52.1 -13.5 22.19 1082
ksi -loﬁ“ ";.'J -4.3 1-8') 23
eta 2056 -1206 ".7 5.20 23
N ~2445665 «27.35 =25.5%0 1.05% 6

Table 1. Statistics of observation data.

Cigital elevation matrices covering the tast area and
surrounding &areas were zlso obtairad. The coarsast matrix
has a spacing of 1 a’gre2 and dinensions of 10 degrees by 11
dejrees, apgroximataly centerz20 on th3 principal *est area.
Ths next finar 3rid has scacins 5 wminutes and has dimensions
3 by & dejra2es, 3341n apeoroximataly centerac on thae test
area. The final data 3¢t ccnsis*ed of elevation values for
tha principal test are3 only. These elevations were darived
fram 23rial obotagricohy 2f the tast ar3a. This datz was rot
jiven on a@ jria MHu* with 1rrezulcsr sgcacinje 211 of the
3levation values are rafaranced tc M2an Ses Level. The 1-
de3jree and S5-minute data sets ware derived from togographic
naps 2nd have an estimatea horizontal accuracy of 100 to 300
neters and vertical accuracy af 20 ta 150 aeters. The vart-
ical accuracy of the chotcsrammetric data is astimatad to "e
under 10 faety, oased an the flying haijht, camara, and

stereoplotter usad.

The chotogrammetric cata was suppclied in anpreximate

Jast-west profiles with a spacing betwean profiles of 520

13




feet. The spacing batwean points on the profiles 1s not
constant but 1s less or agqual tc 520 fa2et. Yo comoute the
tonojraphic and isostatic componants of tha 3Jravity fia2ld, 2
srogramy, described later, was us2d wnich raquires the 3lava-
tion values to be ;iven on a squarz grid of 1l3tituda and
longitude values. To obtain such a 3rid from tha photogram-
netric cata, software was develcped ta interpclate slevation
values at the nodes 2f the gcrid fram surrounding values. If
a data point was locata2g withan S0 faet of a nodey, the
2lavation of the node was takan to be that of ths data
point. Jtherwise, a laast sjuaras fit of the surrocunding
2lvations to the 2quation of 3 Hilinear polynomial in x and

y 43s pertormed.

To 2stamata the accurecy >f this interpolatad cat2 set,
th2 elevations suprosliea sith the 1082 ;ravity abservations
vore usede Trase wsere compared with w2i13hted maans of 3rid
values from within a certain radius of tha data caints,
3ased on a3 comparison of 1065 well-snacad values, ¢the KNS

differance was plus-ninus 42 faet.

The final data set usea zonsisted of 2 189 by 130
de3rae and order set of fully normalized soherical haermonac

coeffizients of the jeopotantial davalopeo by (Rago, 1981).

14




COMPUTATION OF THE MODEL

COMPUTATION OF THE GLOBAL EARTH MODEL COMPONENT

The equation

for rapresentiny the 2artn’s gravity

potential W external tc tha attracting massaes in terms of

spherical harmonics 1s! (<aiskanen & Y%oritz, 1957)

kM
Wlrofgor) = ==
r

shere;

in practice,
infinite number

solutions incluae

e 3 N n

T1 + 3 C-) (T costar) + S sin(mA)DP sinCydd « © (1)

n:2 r ~m2 O nm nn nm

rctational patantial,

Jjeocartric distanca,

geocanrtric latituda,

longituaa,

tha 3ravitaticnal censtant times the mass
3f tha ezrth,

L S T T R ]

tha fully normalizad ssherical harmonic coefficiants,

"

tha fully normalizad 2s5s3cisted Legencre polynomials,

tha ecuatorial radius of the aearth and,
= the degraa &nd orcder rasocectivily.

of coursa, =zjuation (13) canrot includa an
of ternse. At the prasant time, *the J2est

terms up to dezree and ordar 139, Exzm=-

plas aras the 5odausrd cfarth Mgcdely G:=M19C, &nd tne solutions

>f Rapp (1378) and Ragp (1331)., This last mocdel w2s used in

this studye. To

obtain T, *h2 anomalsxus potential, wae nust

subtract the potential »>f th3 raftarance 21lipsoid. The
15
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potential of the refaerance ellipsoia, U, may bas uwritten by

setting all C and 5 in ejuation 12 equal to zerc excact the

CLO and C4'o ternms,
Thus:
k“ a 2 3 4
UCryder) = === 1 ¢ (=-=) °°* Pe + (-=)C° o ] - (14)
r r© P Q4D r 4¢D 6,0
uhora;
L 4 ‘: L 4 = t - f N :
CLO ’ 40 patantial coefficients compguted

on tha basis; 9f the raferarce
2llipseid.

Subtracting eguation (i+) from scuation (12) jives the
desired T\ . This czlculation was carried sut fcr all of
th2 observation points usir; t1ie soharic3l harmonic creffi-
clants modifiad by subtracting tha WGST2 2lliusdi1a:l poten-~
ti1al. The 13tituda of thne points ues firs*® convarted from
jJeodatic to jJaocentric to conform  to 3guatians (1) ang

(le)e The valuas of 2, f, kY, Czo sdnd for <hra3 W3S

:mo
3llipsoxrd were obtained frow (DMA, 1974) Tne auantitias of

interest s A gy 4y andN, were ohbtainad from sjuzticns 7

through 10.

For the purposes of tnis study, wa ars oraecicting
gravimetric quentities =t ooi1nts where the valuas 2re knoun,
Thus a direct measura 5f ths accuracy of tha cemoutations is

availabla. For <tha c3sa of T‘“ computed from spherical

16




harmonicss the results are summarized in table 2.

stde cav,

valua RMS arror m3en aerror of error n
A3 (m3al)d 26.G3 =€ a40 22.15 1032
ksi (sec) 1.60 -Ce25 1.562 <3
eta (sec) T.33 -3.l0 .75 23
N (m) 1.27 0.90 0.31 é

Table 2. Results of sperical harmonic computation.

Given the small nuaber of undulations, conclusions are
nearly impossible for t9ess, Frowavar tha solution does
2losely mcdel the values available . Tha jravity anomaly vec-
tor is not well nodeled 2y the solution howsever. Tne possi-
Pl? axplanation 1is thet tha unculations ars relatively unaf-
fectaa oy tha short Jzveleng<h tocojrapny, shich is not
modeled Dy the soluticn wh1la tha 3ravity vector 1s haghly
dependant on the local topograehy snd its 1sostatic compen-

sation.

COMPUTATION OF THE TOPOGRAPHIC/ISOSTATIC COMPONENT OF T

The bhest knomn anc 1ast ags1ly ohlservajla méss
3nomalies ara those associatad with *tha visinla tocc yraghy
3f the earth, Associated wsith the topograony is the M"isos-
tatic <compensation®, or tencency cf the t0209raphic massis
to be compensated by mass deficiancise wishin tha earth®s
srust, The avidance 2f sucn zcpinszticn is Jiven >y the

2endviaor of deflactions 2nec  23nsralias, sspecidlly 3oucar
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anomalies in mountainous 2areas. Tha Bouszer recduction
removes the main irregularitias in the gravity ¢ield zssoci-
ated with the visibla tosograghy. Thus tha veluas of Jouser
anomalies should be very small. In mountainous areas hou-
aver, they can attain velues of several hundred mnilligals.
A similar oetftfect can bs otservad wsith deflections of ¢the
vertical calculated solaly from topographic masses in moun-—
tainous areas. Thesa valuas will be much larger than their
true valuas, again sujgesting a comcansation baeneath the

nountains.

Thuss not only thae visihle topograghy but the 3Jravita-
tional effact of its 1sostatic compensation myst b2 computad
according to some thery of 1iscstacye. Traditisnally, the
thaory of Airy-Ma3iskanar has bH3en usad and this thagry uwas

11s0 used in this study.

According to this theory, the masuntaincs, with constant
density g are thaorized to "float" on a denser layar cf den-
3ity # < As tha2 mcurtains ar2 in floatir3y e3uillivrium,
the higher the mountains, tha daeser 2zre tha "raots".
Analogouslyy there are "anti-r20%ts™ under “ha oceans. The

thickness ot the rlot, t, 1s givan hy;

tAp = H% (1%)

where M is the neignt c¢f the tonojrapghy ancve sei-level

and

18
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Ap 13 the density contrast baetuean the crust and

th? mantle.

3
Using accepted mean continantal values of B = .67 3/¢cm

and

L X
Apz -0,6 g/cmy this Hecomes:

6.7
t =g /p x H = 455 x h (15%)

In this study, we assum2 a crustal 2hicknass of 32 «m
for the area, which i3 again consistant with *he nast kncun

zontinental values.

Tne terrain hoijhts used arse lccated 3t thas nodes of
rejqular sgquars 3rias, as expliainrad earliar, It 1S natural
than to compute th2 attraction due to tha tooegraphic massas
and isostatic compensation from ragular ractangular prisms,
Tha si1dth and langth of each prism is simngly the grid spec-
1n3 of the particular dtw used. For the toprgrashic effact,
tha heignt of the orism is tha heizht above sea-leval. For
the 1sostatic offect, the hneight i3 tha thickn2ss of the
"root", ard th» density ccntrast beatuean the crust and man-

tle is used tc compute thg attraction.

19




To ansure that TTI is a harmonic function, tT: must be
the potential of a given fixed volume of mass. Thus, the
same volume of tarrain data should ke used for each cemputa-
tion. Thas compufation 1ceally should extand to such 3 dis-
tanca from the computation point thst the taerrain affects of

the distant topography remain constant for the local area

>f interast.

As an alternative to this rrocedure, ona could us2 a
"residual tarrain model"™, or the resicual Hetween a mean
elevation surfaca and tha actual <ocographye. This would
lead to significant computational savings, as skown hy
(Forsber3 & Tscherning, 13315). In this casey Nno isostatic
cemrpensation nesds to k2 celculatad andy 1n additiony the
computaticn can he carriad out t> 2 fixed distance from aach

computaticn point,

Figura 2 shows a rearasantative siyuars grisn of <toco-

jrachic er 1sostatic mass, tet this prism have constant
density p ano ba attracting a point mass ccated at the
origin, Then the wv2rtical comgonant of the attraction of

tha prism on the point mass 1s givan hy: (Xellogy 1352)

9,* % -G ff
Y.

22
/ ':-E" drdyde (17
z

(]
shere;

6 = the universal gravitatianal canstant,
r = distanca to the attractad point,
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Figure 2. Topographic mass prism.
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x.y,z.s coordirates of the differential element,
p z density of tha orism, anas
T z potential of the prism.

Integration of %his tormula gives; (Forsbery % Tschern-

ing, 1381)

o
5 - Oz o g

Xani (1%3)

P a.r¢+a.n<§) ]

~NY 2,

For grisms whicn ara further aw2y from thy attractecd
point, ye ney apcroximate the ori1sn Dy a horizontal mass
d2lane passing thrcugn the centar of the prism 3nd a&rallel

to the top and bottem of the prism. In this casey the

22
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attraction in the vartical directien is givan by;

(13)
Xs
%
= -Qp a._(a.rc:lra,n(—!)’ )
v
™ (20)
xl V,
ehere;
p® = 0(2 - )
1 2
z = (z + 2z )72
m 1 2
2 Py 2 172

To ohtain the comgenents aof tne attraction in the hor-
izontal ciraectionsy, tha2 <coordirata axes of figure 2 2re
rotated akout the origin. Thus, wa use the sane formulas
Jut with the transformaticns;

t t

(x ox 'Y Y 02 92 ) 3 {2 92 X X 'Y ey ) (21)

for the north-south comgonant, and,

€ t

Cx ox 9y oy 92 92 ) = Cy oy 92 92 oX%X 9x ) (

(2]

2)
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for the east-west ccagonant,

Tnen the attractions ara: jiven dy:

- i
ﬁ Yy =& = 7 F2, (23)

WLhere gg has basn avalyated according to equatien
€21) or (22).

For tne condensaed fermylss, integration of eguation

i (13) gives:

| 5'31’6('”(7‘::,)

x2

Xy (24)
: ”a
: : Seflog(gx & (23
( 7 9. = g(__z) >
I+ ™
§ s
[ The torographic cr isoststic 2ffect on ths se3id wuncu-

lation 1s obk-<zina¢ Yy intazration of aquéetion (lE€) with

24




respect to z:

N = G,([,y(oj(_*_'_a) . s |03(s+r.;)

2« Y rra
xm?h
X4 2 xZ s
+ 42 \oj(x : 2’: l .’L wrc-'fd"(%r) €26)
r
x, Ya
X2y, 2,
T
- %-;o.rc.fo.n (2) - £ aqretan (2>
} 2 yre 2 27

For distant praisms, (Macdillan, 163°9) “2s Javelooed simplar
1 expressions for tha cgotantial and ite derivatives oy a
spnerical bharmonic excansian >t tha pcrise fiald. The
resulting harmonics =asre simpl2 polynamials in xy y, and z.
The formula for the potantial in a2 cecordinzte systam yith

dri31n  at tre canter 5f thz £rism &nc axe; carrandizular to

tha faces 1s:

T = GAOA!AyAi -rL_ - z_:!_r‘[(ztxa_oyz -A}‘)Xz - (-Axl+3Ayl_Aaa>yz

i zm

1
+ (‘A)(3 -Ay? *24!’)23] *;:;— [a‘x"+az~,"+uo-l+ooo

sharay AXy Ays 276 A2 2re the sidalaenzths of tha nrism.
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An aven simplair ecproxination c3an Ha uade far vary dis-
tant points. Thass can e rapresentod as noilnt wEsgsase in
shich case the potential 135 jJiven Yy the first tarmn of ejua~-

tion (27).

It is only througn ke uss 3f these 2oproxinate formu-
las that the <comgutation of jravimetric oguantities from
d4i3ital terrain nodels becaras prectical. Soma creliminary
computations were done using only the exact fornulzs with
three digital terrain nodels hovirj increasingly wider spac-
ing away from <the cowgutation ooint. These were the one
degree anc five minute matrices; cescribed a2rlier and an
additional thrae saicond ne2n elavation matrixe A total of
46,496 prisms nust by 2vaiucted for noth the togographic and
1s0static comoonents wran ucinj the Jne dejree m3sn 2leva-
*10n matrix, the fivae minuLte raan alevation natrix ana a ten
nminute NHy ten minute rezicn 0f threa sacond mean 3lvetions.
This computation tiok approximataly omne hour cer rfaint on
tha VAX 11773C corouter systi:m, in2ludinr) cpu time and I/C
time. The sams computation %ook apcroxinately & miputas ger
pOLNt when a comHinatior of axact and a3pzroximata fermulas
vere used. Tra axact prism fcrmulils ware usac cut ts a dis-
tance of JZ g from the caorputatiadn point, where i1 is the
length of the =main diazonal of tne rrism hHeing used. Tne
“acMillan formulas were than used out tc a cistanca ai‘q;B d
from the computation foi1nt. At cistancas furthar than this,

ths point mass fermyul> 423 Js230. Tnese cut-off cistanceas
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nave baen detarminad by (Forsbarzy 1934) <t5 ;ive & jood
trade-off heteaen time anc accuracy iind sere varifilied during
this axgsriment. 4An excaption t> tnis i3 that the wass

plana foraulas mere aluays used for o514 unduiationrs.

Tne topographic and isostatic effacts were *irst calcu-
lated for 3 subset af the Joosarvations using 3 varisty of
2lavation gata and tacnnioues to geat 2 fael for the traca-
offs 1n time and 2ccuracy involvad. In aadition to tha 23
scints where doflections wera known, 52 colnts wnere gravity
has been observed wars us2¢ 33 test praintss, Tha one dajrae
nean, five minuta mean, :cna five sscond 201Nt elevation
Tatrices ware usad alone and in ccabination yith each other.
The topograpnic/isostatic companants were then 3subtracted
from the fraee-air anomalies and knoun defleztions. Thne
results wi1ll a3ssentislly ba the "™i130static aramalies *
(H21skanan I Moritzy, 1S557) i the cut2 of 2v0omnalias and
"topogranhic 1sostatic agaflections™ (Yaiskanan i Mainesz) 1in
the case c¢f 2eflactians. Thr rasults ara =rasanted :r tahle
e Thae resulting anomalias and deflactians shculce theorati-
cally D2 small 2nd have low virisnc2s. Taole 2 can then one
J4s2d to judga *he comparative affestiviness of usin; varicus
terrain data s39ts Dy comzaring the m2ans and stsncard devia-

tions in this tavle.

Saveral interesting chsarvations can de mrcr fram  this
tahla. The inclusion of tna fivae second cdata =arginally

improvad tne rasults 1n this casa, More 1mwgcoaortant than *h1is
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|G S sna s casmb e eeEs RS EEEEEERER MR S S S S S N -
Terrain Cata
Jsed a 3 T 2 = =

Value

Ag

(1) (13

mean 5073 -,.53 5.33 0.20 -SOSE '0.85
hl;h 24622 -1.25 26‘13 betetr -0.58 4,03
10. "7.‘03 -12061 ’5.66 -503‘; -12.25 ‘7062

g 7«80 3.03 54655 3.04 2697 2.98

£ (2) 2)
maan -Jela -1.87 -1,30 -1.79 -1.57 -1.63
10. -‘.71 "‘.56 ‘5.00 '6.‘6 -3.20 —‘076

g 2435 1.20 1.12 1.20 1.01 1.20

n 2) 2
maan ‘3.83 -0007 3.11 ’0.11 "0011 '1.62
high 3.353 +.33 4,97 4. 34 4,33 2.29
lOU -110-:6 ‘6052 ’.’-1 "6‘55 -6052 ’6022

4 5.1C 2.4 2,73 1.48 3.51 2.£3

Table 3. Observed-component from topographic/isostatic data.

Notas:
(1) Zased on n = 42, 12 roints fell ocutside the innermost

2

terrain date

d3ased on n = 22,

tearrain dete

Terrain data

W

m O

gride

grids used:

One degree mean elevation 3rid only.,
Five minute mean elevation grid asnly.
Five minuta wean alevation grid and nec
9icubic sgline intarpolation.
Jna degr2a and fiva minute elevation grids.
Five minute mean and five second maan alvation

gridse.
One degree,

28
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inner qgrid »as thi? 3311i% 0 <Zonstruyct a3 very danse
"inner-inrsr" ;rid By intergolation of tne givan alavations
1 3 <thrae by trhree zrid spacing r2gion of the data proint,
This was accomplisned by & bicuolc scline 1ntarsolatian of
thesas elavations. Thas intercolation ¥as usea for 211 cases
axcept for one case in shich only the five ninute Mmean
3lavations users» usad.e Tne ivwprovement can ba se2n hy com-
saring the results obtained fram elevation dat> s3¢%s 2 and
T« Note tnat tha rasults are i1mpraved for crévity anomaliass
Jut not for deflactionsy, carhazs ratleztin; that daflections
are lass affacted hy the very lotal ‘osogr2pny. Anothaer
interesting obsarvation 1s thaty, #32in “or 2anomnaliaes, the
4sa of tne aJra cCc2;ree TMedn alevetions helps to hbring the
mean rasicudl very near %0 z2rd. Thas carhass i1ndicatas the
desirabilicty of wusing suckh 2 broad and coarsely sosced arid
for thia outer 20nes tc rimovas locel hHiasas i1ncurrea from tha
tnner zZone agat>.

For tnese cas

e, th2 m3st casirztle <continaticns >f
elavaticn <¢ata czngcacr

t3 %@ *re one d23cr23 TMean Lrid gich
th2 five minputa nesn 3r1dy u31Ng anr interpclaticn to cdansi‘y
th2 fiv? miruty srid 19 the yvicinity of tha2 cowautatisn
J01nt and this sama 13ts set ;itn als? the “i1ve seccnc

J.2vation dasta, or cata sets 0 and €y accorcing o tabla 2.

To a2rovida a wide variaty of <c23e3 for *ha laczst
squares collocation progrsm, another iarger s:% of observa-

tions were used as ta3t foints. Lsing tre on2 azre? and
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at 500 points sithin the t2st rej193n. LU3inj thi3 elavation
data together with th: fiva sec0nd £2in® elevation grid,
anomalies were camputad f3r a sube3at of 110 >¢f +hese points,
loth sets of tos; points wserg chosen to by vell distributad
spatially and to have ths same elevation aistogramn as the
sriginal 1032 opoints. Thy averz2g3e spacin; betueen tne
points was anout 1 zrc minuts. In addition, tne uniulation
#3233 computed at <the six coacsl2r points ysiny the secena

?lavation data sat. The locations of tha tast points zre

shown in figura 3.

The v3alues computea trom tha tarrain data ygerg than
subtractad from the fres: air jravity 3anomalies 3and observad

Jndulations. The results ar: shown in table 4,

Terrain Zat2 Usaed ] - e
n 236 110
Ne o -.1.¢2 -14,52
nLsn e Jewl
isw =14, -24,50
245 1.7 17.57
- de 3T 17.50

Table 4. Gravity anomaly residuals (observed-computed from topographic/isostatic data.

Tarrain Cata:

I

For geoid undulations, the one degree and five minute
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Figure 3. Observation data.

Legenda?

s Gravity Anomaly Observation
¢ = Ceflection Jbsorvaticn

¢ = Logpler Station
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Jata sets (Tarralin Cata 4 o0°¢ taoble 1) wers uied. The
results asere poor, ;xir 3 ma2an sreor of -31,03 metars and a
standard daviation of the 2rror 3¢ around 0.3 mweters. A
possible oxplanaﬂicn 15 the "iadirect effact™ of the
topograpnic/isostatic rajuction,. Heiskanen and Moritz
(1347) state that this etfict can de on ¢tha ordar of 1IC
neters. it woula b9 3 relativaly simpla matter ta :hack on
this by computing ths zotantial dus <o <the toooiraghy
seperately from that corputed from the isostatic comoensa-
tisn. Gividinj the differanczi batwean tha <ts0 by normal
3ravity will give tha aindirezt sffact an geo10d undylation.

This was not done in this study.

COMPUTATION OF THE RESIDUAL COMPONENT

The rasidual conwgonsant, *"e comnongnt net modalad oy
31thar the glooal 2ertn nczal 2r tha tocagraphy-szStacy w3as
congutad by least s3juaras ccllocatione Tne tooosraphic-
1sostatic comocnents of 3rsvity anonalias, dealfactiasns, and
Jndulations were addis¢ t3> tna c:corrasoconairj sicnal earth
nodel <comoonents. Thas: sumns wara thran subtractad from tne
dbserved cata to siva "rasi1dudl® cosarvations. Thsse uere
usad to comeuts rasicual valuas at otnher «nown points which
Jere not used a3 opsServations. Ths zradicted residu3lls wvere

then compared with the knoun resicualse. The statistics of the

residual observations are given in table 5.
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Value

A3

Terrain Jata

mean
rish

iow

ma 3n
ny,bh

lcu

500
-4.74
14.35

-25.07

-8.03
-7013
-G.6c

.63

(1Y)
L]
-
4

7.03

{not caimouted)

Table 5. Residual values (observed<(TI & EM)).
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The gd2al of raducing the observations be®ora agolying

collocation was to smooth sut the Jravity field, or reduce

tha rangs Jof valuas and ¢the variance of tha gravity

anomalies. Froé- table 5y 9 se3 that the varianca of

anomalies has been raducac fram 47).986 to detseen 30 and

the

30

depending on the elevation cata usaead. Comoarison itk table

1 shows that the variance of 21l ¢cf the quantitias has

Jeen

reduced. Another doesirable attridute of 3 "smcoth” gravity

field is that the mean values of the cuantities

5989 7 s and N D2 noar tc zaro. Thoe mean of the unra-

duced ancmalias was -164.50 mgals shile that of the reduced

values 1is -4.74 mgal for the bast case. The means of
deflection components ara alsec brougnt nearer to zaro by

reduction and so is that of the undulations.

These residual sbservatione wara than used to form

sbservation e3uations fecr

235t szuaras collocationr.
7as1c form of 3n obDSarvation ezu3ation 4ithout ocaramweters

(Moritz, 1372);

»

"
"
*
2
~
i~
LY ¥
-

wnere:

X = a vactor of onsarvations, in this
Casady rasiduai ;ravity anomalies,

deflections, and Je31d4 unculations,

s T tng unknown %“si13nal®™ sortion o5f tne

34
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odservétion, snd,

N = a random "noise" cocnponent,

The guantities s ana n 3r3 assumned to be uncaorrelated
Zero-maan guantitias aith Gaussian distributions, To
oradict tha signal, ¥, at otnzr unrknown pJintsy, <ths lazst
squares collccatian forrula for tha minimum variance asti-

nate is;

= ¢ _-1
s = C € x (29)
3
shora;
c = cov(ss3), tn? natrix of covariances

s Petween “has quantity baing astimated
énd the s>bservations, and

E = (cov(ses) + =ov(nend)), ths sum cf the
matrix of ccvariances amran3g and between

*hs 2bjsarvations and the cavariancs
natrix cf th? noisa vector.

S5ince the quantities we sish t9 estiraty a2re lingar
functionals of the anomalous gotential T, it suffices to
determine an exgression for tha spatizl covariance of T and
than to acply the law of prcoo;ation of covariances (Moritz,
1972) to this exprassion ts obtain the <covariances baetseaen
3ll of the observations 2nd gredictions. Lat K(PsC) be the

covariance between T at pcint P and T at pgoint C. Now lat =
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and ® be the two Juartitias daorivec frox ' Hy linear jpara-
tions such as diffofantzatxon or multiplication by 2 cecn-
stant, I[f se wish ty symbolize thesa oparations by A(T) and
3¢(T), then the c&varianco oetusen a, and Qa 1s gilven ty;

CCa sb ) = cov(a 40 ) = 2(3(K(Ps3))) (30)
P 1 o 3

The laast squares colloc2tion grozram >f (Tscherning,
1974) was usede. This program 2allous thy scacification ot
one of threa 1isotropic (azimucth indesendant) covZriance
functions wshich ars all based on one of the aromaly degrae
nodels developaed by (Tschernin; £ Ranoe 157¢). Tha “degrae
variances®™ of the ;ravity anomalies 2r3 jiven by (Heiskannan

and Moritz,y 19570

n mze no nm
erhere:
a - = fylly nornzlized spherical
nm nm Far-onic ccaffiziante of the

gravity anomnalias.

Wa can then erite an axprrssion for tre ztovariance
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fLuACtion OF tra Zravity aromajiles 23s;

2
od R ne2
C(PyJ) = cov(d3 ,43 ) = :E:C P (cos yI(--=) (32)
: e ¢ a0 NN re’
shere;
P = the lejendre polynomial of daegrea ny
v = tha spherical distance batsean P anc Q,
R = radius c¢f the 3jarnanmer sphers,
r = distance from ? to tna orijin, and,
r® = distance from J to the orijin.

The daegrea variarces of tha anomalous potential are

related tc those of the ;ravity 3nomalies by

k = -——— < (33

wherae,

R = the maan 3arth radiys,.

we can urita ar exgression fcer the covariance of the

anomalous potential as:

o0

ZK P Ccos ¥ ) (24)

n
LEX] n

K(Py3) = Cy)

The nodel used for tha anonaly dagree veriances was;
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a (1-1)
¢ 2 e ne - €33)
(1=-2)Cle2)

=3

whore the constants % and 3 ara detarminad frew
the variance of the observad gravity anowaliss.

The method of collocation s3iso 2ives an estimats of the

Mean square error 3f grediction as:

2 t _~-1
m 2 c - c ¢ ¢ (l36)
3 $S 3 s
whare; <« 2 cov(s 98 )y the point varianmce
3 P P

of the quantity astimated.

In this case, howavar, we kncu axactly tha srror of the

3stimate since wa 2ars pracicting at knssn noints.

Several casas,y, involvirg dJdiffar:n® sunsets of observa-

tions ana pradictions, sere run. Tha abservation 2oints

vere seolacted to bhave 1In zversjle spacing c¢f aporaximataly S

arc minutas. Tha aatz used in the various casas of cclloca-

+ion are idenrmfed 0 tabie .
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Cases . Data
I Jnreduced.
I1r Reduced s4ith togographic
data =sat C and Rapp 180.
IIY Reduczed yi1th Tocagranhic
data sat F and Rapo 180.
IV,V Sane as IIt
vI Reduced only with topograrhic

Jjata sat F,

Table 6. Identification of collocation cases.

The results o’ collocation ara? shown i1n table 7. We
can see tnat the results for jravity anomalies ara signifi-
cantly imgroved by using the ohsarvations reduced with some
tonograghic data. Tna use of tha spherical nzrmonic coeffi-
crents doss not affact the rasults for sravity anomalies.
Tha best level of accuracy osbtainad in this test was 2 mil-
lijals (ora sigmad. 7This result was ohtained by Qsir; 200
! sravity ancmaly coservations, sscced about 5 Minutes apart.
b The inclusion of aaflection or unculation observations doas
! not appear t3 zffact the results ¢5r 3jravity anoralies.
Veanwhilay by incr22sing the numder of zacmaiy abservaticns

2y a facter of 2, we gain apout on2 Milligal in accuracy.

For ceflections, tha best 2ccuracies, ajain in terms of
standard ceviation of the arrors, forf wnd n are 0.13 are

d seconds and 0.9 are seeconds
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Aguiinimning

ey

Case

II

112

Iv

observations

3
(_tt'ﬂn

~4
,4'("\0

400
20
20

409
20
20

400
20
20

200

(observation - pradicted)
max me an std. dev,
30.25 ‘1021 6.33
2039 ‘3.62 1011
-3.12 -De51 1.22
_27035 -25.00 0050
-16.37 -0.1‘ ‘-15
-3.96 ‘0-12 1034
5.21 3.25 1,54
-3.25 ~-3.00 0.50
‘15.37 -0.14 4.15
-3.44 0.12 1.36
258 0.5¢ 1.13
-12.52 026 3.0)
-3.381 0.1% 1.29
1.37 .12 0.597
2427 1.13 0.c2
-2.01 ~0.08 C.9%94%
-12.51 0023 3003
4,31 -1.51 .73
‘1-“9 0-09 0.89

Table 7. Collocation results..




graphic and isostatic reductions, neglacting tha Rags 140
components. The maximum 2nd maan arrors for the nortk-south
component ara slightly greatar hosavar, than when the Rapp
180 coofficionts‘ are usad. Tne hanafit of using tha five
second inner grid data is likewise to oring tha nean 2arrors

closer to zero, the standzrd daviation ramaining the s£ame.

The casa of undulaticns 1s aven narger to aralyze,
Jiven only six observations. From this tast, ws would con-
clude that the best way tc estimate these 1s strictly from
the spherical harmonic coefficiants., The effacts of reduc-
ing tha observations and zpplyinj collocation dagraded ¢the

results obtainad only with the soharical harmonics.
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CONCLUSIONS AND RECOMMENDATIONS

A taechnicue for computing a local gravity fiald mocel
in mountainous tarr2in has bD2en testad, TYe rasults indgi-
cate that gravity anomalies can de predictad witn an accu-
racy of 3 millijzels, caflacticns of the vertical »ith an
accuracy of about 1 arc sescond and geoi:d undulations with an

accuracy of about 1.J meters,

For ¢ravity anomalies, lezst squares collocation fol-
lowing ¢trand ramdoval Dy topograpnic/isostatic data and
spherical harmonic coafficirants jave the best results. For
daflections, tha inclusion of the spharical harwonic cecm-
nonent helnad raduce 2 Hhiss 1n the arrorse. For undula2tions,
the best rasults wer: dbtairec cdrrectly from the soharical
narmonic coefficients, n2sleztin)y any tocogrephic deta or

least sauares collocation.

The tast combinaticn of tarrain cata acaoears ta be a
videly spacad (2pout 1 degras) osuter Jrid extandinc ty ot
least 10 d3grees arouna th3 tezt pafnts 2naa :t lesast c¢ne
coarser anner grid (e2nout 5 minutas) extendins to 2dj0ut S
de3raes from the computatior roint. Tha results are sij;ni-
ficantly annancac 0y interpslating tnic inrner jric to an
aven fiper grid in the vary naar vicinity of the comdutation
acint,. hnen this tyoe cf 1ntarpolation 1s conasy it may He
unnecessary to include & very fine grid >f elevetions as a

third “inner-innar® 2cne.

42




e _ammme o

There exist very afficient comgutar prozrams for per-
forming &1l of the calculations described nerein. Given a
medium sized minicomputer, ali of tha calculstions can be
carried aut in a few hours. The torogsripnic/isostatic com-
putation is tha most tima-consuming aut, using; aprrcximate

formul as, thesa can he cone in a reasonabla time.

for edjusting trianjulation natworkss or redutiang hor-
1zontal and vertical angles to the ellipsoid, tha accuracy
>f the vertical deflactions obtained herein is sufficient
for even first ordar warke If the elevation is 7 dejreess
an error in dJdeflection of tha vertical of 2 arc seconcds will
result 1p an error of 0.23 s3conds in nhorizcntal anjless

which is telow the onsarvation arrdr o¢ most anslas.

In mountainous 3ra2asy cnversion of satellite-cdarivad
neights to heights above se3 level rejuiras tne ¢g20i¢ undu-
lation. This study indicstes that thesa can ba computad to
an accuricy of 3about 1 meter, which i35 consistent with pest
results. This will proprogate directly i1nto a | neter error
in sea-level  heights, natura2ily. In thy absenc2 of othar

informationy this may be an aczentable arror for scm? uork.

The 2ccuracy of the ;ravity anomalias, 2 millizals,
neans that they coula »e wusac sfor instance, to compute
deflactions of the varticsi ?nd g¢a3oid wundulatians through
Vening MYeinesz® and Stokes® 1intesrals respaectivaly. The

pradicted anomalies coula also be wuseful in c¢aookysical
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2xploraticns.

For alignment and corr:ction >f 1l1nartial navigation
Systams, the sccuracies ontained for deflactions &nd
anomalies could »ne useful in car<ain apolications. Tkhis

ar3a must be extlored further Nouwever.
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